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Abstract. In this article, we investigate the regularity for certain elliptic systems without a L 2 -antisymmetric 
structure. As applications, we prove some e-regularity theorems for weakly harmonic maps from the unit 
ball B = B(m) c R m (m > 2) into certain pseudo-Riemannian manifolds: standard stationary Lorentzian 
manifolds, pseudospheres S" c R" +1 (1 < v < n) and pseudohyperbolic spaces H" c R"*J (0 < v < n — 1). 
Consequently, such maps are shown to be Holder continuous (and as smooth as the regularity of the targets 
permits) in dimension m = 2. In particular, we prove that any weakly harmonic map from a disc into the 
De-Sitter space S" or the Anti-de-Sitter space H" is smooth. Also, we give an alternative proof of the Holder 
continuity of any weakly harmonic map from a disc into the Hyperbolic space W without using the fact that the 
target is nonpositively curved. Moreover, we extend the notion of generalized (weakly) harmonic maps from a 
disc into the standard sphere S" to the case that the target is S" (1 < V < n) or H" (0 < v < n — 1), and obtain 
some e-regularity results for such generalized (weakly) harmonic maps. 



1. Introduction 

In the recent papers by Riviere [36| and Riviere-Struwe I39L the following regularity results for elliptic 
systems with a L 2 -antisymmetric structure are established: 

Theorem 1.1 (Riviere (36) for m = 2, Riviere-Struwe E3 for m > 3). Let B = B(m) c R m (m > 2) be 
the unit ball. There exists e m > such that for every Q. G L 2 (B, so(ti) <g> a'R" 1 ) and for every weak solution 
u e W l ' 2 (B, R") of the following elliptic system: 

- div Vm = Q. ■ Vm (1.1) 

satisfying 

sup Ir 2 -"' f |V M | 2 + |Q| 2 V <e„„ (1.2) 

B R (x)cB \ JBr(x) I 

we have that u is Holder continuous in B. 

One of the main applications of the above results is the regularity theory for harmonic map systems into 
closed Riemannian manifolds, where the L 2 -antisymmetric property of the potential Q. in ( II. j} relies on 
the fact that the target manifolds are compact and Riemannian. For classical regularity results of weakly 
harmonic maps, see e.g. the books by Helein |22| and Lin- Wang iPUll and references therein. 

In this paper, we shall study the regularity for weakly harmonic maps from the unit ball B = B(m) c 
R m (m > 2) into certain pseudo-Riemannian manifolds from different points of view. Analytically, it is 
interesting to know how the structure of the harmonic map system is affected when the target manifolds 
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become pseudo-Riemannian. As we will see later, in general, the L 2 -antisymmetric structure for harmonic 
map systems into closed Riemannian manifolds may not be preserved any more when the target manifolds 
become non-compact or non-Riemannian. Therefore, we would like to explore the extent to which the 
results developed by Riviere [36| and Riviere-Struwe [39| can be generalized to elliptic systems without 
a L 2 -antisymmetric structure. Geometrically, considering the link between harmonic maps into Sj c Rj 
and the conformal gauss maps of Willmore surfaces in S 3 (see Bryant 0. See also ll2Tl[35l [3ll4l), and the 
regularity results for weak Willmore immersions established by Riviere [37], we are strongly encouraged 
to find a method to study the regularity for weakly harmonic maps into § * and then extend it to the cases of 
more general targets. Physically, it is known that harmonic maps play an important role in string theory (see 
e.g. lfTTl|27l ). One of the most significant results in string theory is the AdS/CFT correspondence (Anti-de- 
Sitter space/Conformal Field Theory correspondence) proposed in 1997 by Maldacena [31]. In view of the 
recent work on minimal surfaces in Anti-de-Sitter space and its applications in theoretical physics (see e.g. 
Alday-Maldacena |Q]]), we are interested in extending the regularity theory for harmonic maps into closed 
Riemannian manifolds to the cases that the targets are some model spacetimes (which are non-compact and 
Lorentzian) considered in General Relativity (see e.g. [28 34]), for instance, standard stationary Lorentzian 
manifolds, De-Sitter space 8" (also denoted by dS„) and Anti-de-Sitter space H" (also denoted by AdS n ). 

In the present work, we solve these problems by using the theory of integrability by compensation 
developed in ||4^ [331 fTOl IT4l IT31 and some conservation laws, due to the symmetries of the target manifolds 
considered. We point out that our results partially realize the perspectives (proposed by Riviere 11371 , p. 3-4) 
of the regularity theory for elliptic systems. For some other generalizations of the methods of Riviere ||36ll 
and Riviere-Struwe |39|, see Lamm-Riviere |29|, Struwe B4l . Duzaar-Mingione Ifl2l and Riviere [38]. For 
some other analytic aspects of harmonic maps into pseudo-Riemannian manifolds, see e.g. Helein Il23l . 

First, we observe that, by slightly adapting the techniques used by Riviere-Struwe 11391 , similar regularity 
results as in Theorem 1 . 1 extend to certain elliptic systems with a potential a priori in Lr but not necessary 
antisymmetric. To see this, recall that for 1 < s < oo, the Morrey norm || ■ \\m;(B) of a function / € Lj ! oc (B) is 

\\f\\um= su p \ RS ~ m f l/I'V. 

B s (x)cB \ Jb r (x) I 

then we have the following 

Theorem 1.2. For m > 2 and for any A > 0, there exists e m .A > such that for every e L 2 (B, so(n) <g> 
A'R'"), C G W l ' 2 (B,M(n) ® A 2 R m ), F e W 1 ' 2 n L°°(B,M(n)), G e W 1 ' 2 n L°°(B,M(n)) and Q e W 1 ' 2 n 
L°°(B, GL(n)) and for every weak solution u € W l ' 2 (B, R") of the following elliptic system: 

- div (Q Vm) - & ■ QVu + F curl i^GVu (1.3) 

satisfying 

I|V«IIm| (B ) + \\®WmI(B) + llcurl {\\ M 2 (B) + \\VQ\\ M 2 (B) + ||VF||^ (B) + ||VG|| M , (B) < e m , A (1.4) 

and 

121 + IG^'l + 1^1 + |G| < A, a.e.inB, (1.5) 
we have that u is Holder continuous in B . 

The result in Theorem 1.2 was partially obtained by Hajlasz-Strzelecki-Zhong ( IfTSll . Theorem 1.2) for 
the case m — 2,® = Q,Q = I„ and by Schikorra (]41 ], Remark 3.4) for the case m > 2, £ = 0. 
Note that the elliptic system (11.3b can be written as 

- div (Q Vw) = {© + F curl £ (GQ~ 1 )} ■ (Q Vm) (1.6) 
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or equivalently as 

- div Vk = {(T 1 Vg + Q l (@ + F curl f (GQ~ 1 )) Q\ • Vm. (1.7) 

Considering 2 as a kind of gauge transformation, we interpret the elliptic system ( 11.7b as follows: its 
potential 

e _1 ve + e _1 (® + ^ curi f (gq- 1 )) q 

is gauge equivalent to a new one 

+ F curl £ (Gg _1 ) 

which can be decomposed into an antisymmetric part and an almost divergence free part F curl £ (GQ l ). 

As an application of Theorem 1.2, we shall study the regularity for weakly harmonic maps into standard 
stationary Lorentzian manifolds. A standard stationary Lorentzian manifold (see e.g. [28 34 1) is a product 
manifold RxM equipped with a metric 

g = - (J3 o n M ) {n^dt + n* M a>) ® (n^dt + tt* m co) + n* M g M , (1.8) 

where (R, dt 2 ) is the 1 -dimensional Euclidean space, (M, gM) is a closed Riemannian manifold of class C 3 , 
B is a positive C 2 function on M, to is a C 2 1-form on M, 7r R and 7r M are the natural projections on R and M, 
respectively. For simplicity of notations, we shall write the metric ( 11. 8t as 

g = -B{dt + of + g M . (1.9) 

By Nash's embedding theorem, we embed (M,g M ) isometrically into some Euclidean space R". Then, there 
exists a tubular neighborhood VgM of radius 6 > of M in R" and a C 2 projection map n from VgM to 
M (see Helein's book ll22l . Chapter 1). Moreover, we pull back £1 and u via the projection n and obtain 
Wf3 € C 2 (V 6 M, (0, oo)) and Wu e C 2 (Q 1 (V <5 M)), respectively. For simplicity, we shall still denote W/3 and 
ITw by p and to, respectively. Write oj = £" = i 0Ji(y)dy, y = (y\...,y") e V S M c R",where oj t e C 2 (V S M). 
To study the regularity for weakly harmonic maps into (R x M, g), we consider the space 

W l ' 2 (B,RxM) := { (t,u) e W 1,2 (B, R) X W %2 (B, R") \ u(x) e M a.e. jc € B } (1.10) 

For a map (f, m) e W l ' 2 (B, R x M), we define the following Lagrangian: 

E(t,u) = -- f B(u) |Vf + aji(u)Vuf + - f |V M | 2 (1.11) 
2 Jb 2 J B 

Definition 1.1. A map (f, m) e W 1,2 (B, R x M) is called a weakly harmonic map from B into (R x M, g), if 
it is a critical point of the Lagrangian functional ( 11. 111 ). 

The Euler-Lagrange equation (see Section 3) for a weakly harmonic map (f, u) e W l ' 2 {B, R x M) from 
B into (R x M, g) is an elliptic system of the form fll.3l >, which can be geometrically interpreted as follows: 
the antisymmetric term © corresponds to the Riemannian structure of the closed spacelike hypersurfaces 
{f} x M and the divergence free term curl £ corresponds to the following conservation law 

div { B(u)(Vt + w,(«)Vm') } = 0, in D'(B), (1.12) 

due to the symmetry of the target generated by the timelike Killing vector field d t . Applying Theorem 1 .2, 
we have the following e-regularity result: 

Theorem 1.3. For m>2, there exists e m > depending on (R x M, g) such that any weakly harmonic map 
(t, u) e W l ' 2 (B, R x Af) from B into (R x M, g) satisfying 

l|V*II M j (B ) + I|VkI| M 2 (2}) < e m , (1.13) 

is Holder continuous ( and as smooth as the regularity of the target permits) in B. 
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In dimension m = 2, we notice that the Morrey norm || ■ || M 2 reduces to the norm || ■ \\ L i. Therefore, by 
conformal invariance and rescaling in the domain, we obtain the following regularity result: 

Theorem 1.4. For m = 2, any weakly harmonic map (t,u) e W'' 2 (fi,R x M) from B into (R x M,g) is 
Holder continuous (aand as smooth as the regularity of the target permits) in B. 

In Theorem 1.4, if the target (R x M, g) is a standard static Lorentzian manifold (see e.g. Il28l [341 '). 
namely, the 1-form ai in the metric g (see (11.91 vanishes identically, then the corresponding regularity 
result was proved by Isobe |24| (using Helein's method of moving frame Il22l ). 

Next, we shall consider, in a certain sense, elliptic systems of the form dl.U with the potential Q a priori 
only in LP for some 1 < p < 2. Note that, if CI is not in L 2 , then the right hand side of dl.U is not in L l and 
thus the equation makes no sense any more (not even in the distribution sense!). However, we observe that, 
if in addition, Q is divergence free, namely, 

divQ = 0, in D'(B), (1.14) 

then the equation ( II. U can be written in the following form: 

- div (Vm + Q M ) = 0, in D'(B), (1.15) 

This new form ( 1 1 . 15b has the advantage that it is still meaningful in the distribution sense if Q is a priori 
only in LP for some 1 < p < 2. Moreover, under the further assumption that the Morrey norms ||Vm|| m p (B) 
and ||Q|| M p (B) are sufficiently small, the Holder continuity of the weak solution u holds. 

Theorem 1.5. For m > 2 and for any 1 < p < --jfj, there exists e m<p > such that for any Q e LP(B, M(n) <8> 
A'R m ) satisfying d!.141 > and for any weak solution u e W l ' 2 (B, R") of the elliptic system (11.15b satisfying 

ll v "IU;;(B) + IPIm;(b) < e m, P , (1-16) 

we have that u is Holder continuous in B. 

As applications of Theorem 1.5, we shall study the regularity for weakly harmonic maps into pseudo- 
spheres and pseudohyperbolic spaces. For this purpose, we recall some facts about these target spaces and 
refer to O'Neill's book 041 for more details. 

Let n G N and let v e N satisfy < v < n. Denote 

The pseudo-Euclidean space R" +1 of signature (v, n + 1 — v) is the space R" +1 equipped with a metric 

(y, W ) K+1 : = V T S w = - (y 1 w 1 + ... + v v w v ) + (v v+1 w v+1 + ... + v" +1 w" +1 ) , 

for all v = (v 1 , v" +1 ) T e R" +1 and w = (w\ w" +1 ) T e R n+1 . The pseudoshpere S" v in RJJ +1 is defined as 

S n v := {yeRf 1 IO^r- =y T 8y = l] (1.18) 

with the induced metric. In particular, c R£ +1 is the standard sphere S" c R" +1 and c R^ +1 is the 
De-Sitter space dS n in General Relativity. The linear isometries of R" +1 form the group 

0(v,n + 1 - v) = { P e GUn + 1) | P T = £P l S } . (1.19) 

Denote by SO + (v, n + 1 — v) the identity component of 0(v, n + 1 - v). The lie algebra of SO + (v, n + 1 — v) is 

so(v,n + 1 - v) = [A eGL(« + 1) \A T = -SAS). (1.20) 
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Using the isometric embedding S" c R" +I , we set 

W h2 (B, S") i— | w — (u\u 2 , u n+1 ) T s W U2 (B, I u T & u = 1 a.e. in B } . (1.21) 
For a map u E W ia (B,S" y ), we define the following Lagrangian: 

E(u) := I jV«) r £ Vm = -I JT (IVM 1 ! 2 + ... + |V M V | 2 ) + 5 J (|Vm" +1 | 2 + ... + |V« n+1 | 2 ) (1.22) 

Definition 1.2. A map u e W l ' 2 (B, S") is called a weakly harmonic map from B into i/if is a critical 
point of the Lagrangian functional dl.22l l. 



Denote 

<v - \ ■- I 

I n -y 



F=(«j)-\ ^ r ° ]. (1.23) 



The pseudohyperbolic space H" in R"^f is defined as 



[y € R"^| I (y, y) R ,, t] = y T Ty = - 1 } (1 .24) 



with the induced metric. In particular, Hq c R" is a hyperboloid containing two copies of the Hyperbolic 

11 



space W and H" c R" +1 is the Anti-de-Sitter space AdS„ in General Relativity. 



Using the isometric embedding H" c R"+J, we set 

W u2 (B,Wy) '•— j w = (u\u 2 ,...,u n+1 f e W 1 ' 2 (B,R n v l\) \ u T Tu = -1 a.e. in B }. (1.25) 
For a map u € W X 2 {B, H"), we define the following Lagrangian: 

E(u) := i J(V M fr V« = -I ^(iVw'l 2 + ... + |V«" +1 | 2 ) + I ^ (|V«" +2 | 2 + ... + |V«" +1 | 2 ) (1.26) 

Definition 1.3. A map u E W l,2 (B, H") is called a weakly harmonic map from B into H", i/if is a critical 
point of the Lagrangian functional ( 11.26b . 

Notice that the following anti-isometry (see O'Neill's book [ 34 1 ) 

or: Rf 1 -> R^' +1 

Cyi,...,y n+ i) 1 * Cy v+ i,...,)>„ + i,;yi,...,;yv) 

induces an anti-isometry from S" to H"_ v . In the sequel, we shall only consider the cases of §" (0 < v < n). 

To proceed, we recall that a weakly harmonic map u E W l ' 2 (B, §") satisfies the following conservation 
laws (due to Shatah |42) and Chen |9). See also Rubinstein-Sternberg-Keller 14011 and Helein's book 1221 ): 

div (w ! W - m-'Vm'') = 0, in D'(B), Vi, j = 1,2, n+ 1, (1.27) 

which can be interpreted by Noether theorem, using the symmetries of §". Note that the pseudospheres S" 
(1 < v < n) have isometry groups 0(v, n + l- v) and hence they are all maximally symmetric. With the help 
of the symmetric properties, we are able to extend the conservation laws ( 11.271 ) to weakly harmonic maps 
into these more general targets. 

Proposition 1.1. For m > 2. Let u £ W 1,2 (B, S") (1 < v < n) be a weakly harmonic map. Then the 
conservation laws ( 11.271 ) hold. 

For a weakly harmonic map u £ W l ' 2 (B, §") (0 < v < n), we define the following matrix valued vector 
field 

= (©y) := - « J W) , i,j= l,2,...,n+ 1. (1.28) 
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In the case of a compact target S", is in L 2 (B, M(n) ® a'R" 1 ) and u weakly solves the following elliptic 
system (see Helein Ifl9ll22l ) 

- div Vm = • Vk. 

Since is divergence free (due to the conservation laws dl.27l )). the continuity of u in dimension m = 2 
follows immediately from Wente's lemma Il47l . 

However, in the case of a non-compact target S" (1 < v < n), is only in L p (B,M(n) ® a'R" 1 ) for 
any 1 < p < 2. Proposition 1.1 indicates that is still divergence free. In what follows, we show that u 
is a weak solution of an elliptic system of the form (I1.15l l with its potential satisfying ( 11.141 . Moreover, 
by making use of the conservation laws (11.271 i. we are able to estimate ||0|Im^(Bi/ 2 ) by II^ m IIm;;(B)' where 
B\/2 = Bij2{m) c I™ (m > 2) is the ball centered at and of radius 1/2. 

Proposition 1.2. For m > 2. Let u e W h2 (B, S") (1 < v < n). Then 

V M + 0£m = O, a.e. in B. (1.29) 

where is defined as in (11.281 l. Consequently, we have 

- div(V M + 0£ M ) = O mD'(B). (1.30) 

Furthermore, suppose that u is weakly harmonic and for any fixed 1 < p < there holds ||Vm|| m p (B ) < oo, 
then we have the following estimate: 

II©IIm| (Bi/2) <C||Vu||^ (b) . (1.31) 

Since £ is a constant matrix, applying Theorem 1 .5 with Q. — S and using a rescaling of the domain 
gives the following e-regularity result: 

Theorem 1.6. For m > 2 and for any 1 < p < -f^, there exists e mp > such that any weakly harmonic 
map u G W U2 (B, S") (1 <v <ri) satisfying 

H Vm II<(B) < e «:P (l32 ^> 
is Holder continuous ( and hence smooth) in B. 

In dimension m = 2, a straightforward calculation gives that ||Vm|| m p (B) < ||Vm|| l : (B ) for any 1 < p < 2. 
Therefore, by conformal invariance, we have 

Theorem 1.7. For m — 2, any weakly harmonic map u € W l ' 2 (B, S") (1 < v < ri) is Holder continuous (and 
hence smooth) in B. 

In particular, we prove that any weakly harmonic map from a disc into the De-Sitter space S" or the 
Anti-de-Sitter space H" = S n _j is smooth. Also, we give an alternative proof of the Holder continuity of 
weakly harmonic maps from a disc into the Hyperbolic space H" (one component of EC = SJJ) without 
using the fact that the target has non-positive sectional curvature (for a proof using the curvature property, 
we refer to Jost's book [26|). We expect that the results in Theorem 1.6 and Theorem 1.7 can be extended 
in the same spirit of Helein's setting in |20] to certain homogeneous pseudo-Riemannian manifolds. 

Furthermore, we observe that the methods used in the proofs of Proposition 1.2 and Theorem 1.5 can be 
applied to study the e-regularity of maps in the spaces of distributions of lower regularity. This motivates 
us to extend the notion of generalized (weakly) harmonic maps from a disc into the standard sphere E" 
(introduced by Almeida |2|) to the cases that the targets are pseudospheres S" (1 < v < n) (see Section 5). 
To see this, we recall the notion of generalized (weakly) harmonic maps into 8". 

Definition 1.4 (Almeida 10). For m — 2, a map u e W ' (B, §") is called a generalized (weakly) harmonic 
map if dl.27l ) hold. 
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Generalized (weakly) harmonic maps into S" might be not continuous. However, there are some e- 
regularity results for such maps. Almeida [2| showed that any generalized harmonic map u e W l l (B, §") 
with ||Vw||£(2,.») small is smooth (an alternative proof was given by Ge ifTB"! ). Moser l32l proved that any 
generalized harmonic map u e W^{B, §") with p e (1,2) is smooth if p is sufficiently close to 2 and 
IMIbmo is small. Strzelecki 11461 showed that any generalized harmonic map u e Wjjf (B, S") with p e (1, 2) 
is smooth provided that ||m||bmo is small. 

To extend the notion of generalized (weakly) harmonic maps into the pseudospheres S" (1 < v < n), we 
observe that a W • map from a disc into any of these non-compact targets is not a priori in L°° and hence 
the conservation laws ( 11.27b make no sense for such a map. Therefore, we need to require that the map u 
belongs to the sobolev space W so that 

- h-'W € L\ qc (B), Mi, j = 1,2, n + 1. 

and hence the conservation laws ( 11.27b become meaningful. 

Definition 1.5. For m - 2, a map u e W l '~(B, §") (1 < v < n) is called a generalized (weakly) harmonic 
map if J 1 ,27b hold. 

Analogously to Theorem 1.6, we have the following e-regularity result. 

Theorem 1.8. For m — 2 and for any f < p < 2, there exists e p > such that any generalized (weakly) 
harmonic map u 6 W '3 (B, §") (1 < v < «) satisfying 

;s Holder continuous (and hence smooth) in B. 

Finally, we study the regularity for an elliptic system of the form ( II . lb with Q E L 2 (B, so(l, 1) ® A ] R 2 ) 
in dimension m — 2 and show by constructing an example that weak solutions in W 1,2 to such an elliptic 
system might be not in L°° . 

The paper is organized as follows. In Section 2, we prove Theorem 1.2 and Theorem 1.5. In Section 
3, we apply Theorem 1.2 to prove the e-regularity (Theorem 1.3) of weakly harmonic maps into standard 
stationary Lorentzian manifolds. In Section 4, we first show Proposition 1.1 and Proposition 1.2. Then we 
prove the regularity results (Theorem 1.6 and Theorem 1.7) for weakly harmonic maps into pseudospheres. 
In Section 5, the e-regularity result (Theorem 1.8) for generalized (weakly) harmonic maps from a disc into 
pseudospheres is proved. In Section 6, we study an elliptic system with a L 2 -so(\, 1) structure in dimension 
m — 2. 

Notation: For a 2-vector field £ = gijd Xi A d Xj , curl £ denotes the vector field d x &j} d Xj and d£, denotes 
the 3-vector field {d Xk ^ij^ d Xl A d Xi A d Xj . A constant C may depend on to, n and p. 

Acknowledgements The author would like to thank Professor Tristan Riviere for many useful discussions, 
consistent support and encouragement. Thanks also to Professor Jiirgen Jost and Professor Yuxin Ge for 
helpful conversations. 



2. Proofs of Theorem 1.2 and Theorem 1.5 
In this section, we will prove Theorem 1.2 and Theorem 1.5. 
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First, combining the div-curl inequality by Coifman-Lions-Meyer-Semmes [ 1 1 (see Miiller [33] for an 
earlier contribution), the Hardy-BMO duality by Fefferman [14] (see also Fefferman-Stein [15] and Stein 
[43 1) and the observation that the Morrey spaces M'l(W") (1 < s < oo) are contained in the space BMO(R m ) 
(due to Evans fHl ). we give the following lemma (see Proposition III. 2 in Bethuel [5], Lemma 3.1 in 
Schikorra gl] and Strzelecki JH p.234-235. See also Chanillo Q and Chanillo-Li El). 

Lemma 2.1. For m > 2, \ < s < oo and 1 < p < oo. Let 1 < q < oo satisfy j } + i = 1. For any ball 
B R (x) c R m , / e W Up (B R (x)), g e W h<1 (B R {x), A 2 R m ) satisfying 

f\dB s (x) = or g\ dMx) =0 (2.1) 

and h e W (Ba/eC*)) satisfying 

\m\\ MKB2R(x)) < oo, (2.2) 

there holds: 

\ (V/ ■ curl g) h < C ||V/|b (fls(jc)) ||curl g\\ u(BM) \\^h\\ Ml(BlR(x)) , (2.3) 

JB R {x) 

where C — C mAP > is a uniform constant independent of R > 0. 

Next, with the help of the above lemma, we follow the approach used by Riviere-Struwe [39| to prove 
Theorem 1.2 and Theorem 1.5. 

Proof of Theorem 1.2: Fix m > 2 and A > 0. Choose e„,A > sufficiently small, then by assumption fll.4| > 
and the existence of Coulomb gauge (due to Riviere [36] for m -2 and Riviere-Struwe [39 1 for m > 3), we 
conclude that there are P e W l2 (B, SO(n)) and £, e W^ 2 (B, so(n) <g> A 2 R m ) with d£, = such that 

P l VP + P l eP = curl£ inB. (2.4) 

and the following estimate holds 

\NP\\^(B)+ II V£ \\ M 2 (B) < C || || M 2 (B) < Ce mA . (2.5) 

Using J2.41 >. we rewrite the system (11.3b as 

-div^'gVw) = (P 1 VP + P 1 ®P)-P 1 Q Vu + P ^curl^G- Vu 

= cml%P l QVu + P l Fcml£GVu (2.6) 

Write P 1 = (P u ), = (0'>), £ = F = {F% G = (G ij ) and Q = (Q'J). Then the above equation can 
be written as 

- div (J] P u Q jk Vu k ) = J] curl f ■ P jk Q kl Vu l + J] P, 7J F> A curl ■ G lr lu r 

j,k j,k,l j,k,l,r 

= Yj P ' k QU CUrl ^ ' Vm ' + Yj P U FjkG ' rcml <T W • V " r ( 2 - 7 ) 

j,k,l j,k,l,r 

Since P e W h2 (B, SO(n)),F e W 1 ' 2 n L°°(B, M(n)), G £ W 1,2 n L°°(B, M(n)) and g e W 1 - 2 n L°°(B, GL(«)), 
we have P 'g e W 1 - 2 n L°°(B, GL(ra)), P ij Fj k G ,r e W 1 ' 2 n L°°(B). Using the assumption |Q3), one can 
verify that 

mP- X Q)\\^B) + J] mPuF jk G ,r )\\ Ml(B) < C(A)(||VP|| M|(B) + \\VQ\\ Ml(B) + \\VF\\ Ml(B) + ||VG|| M|(ij) ) .(2.8) 

i,k,l,r 

Here and in the sequel, C(A) > is a constant also depending on A. 
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Combining ( 12.51 ). ( 12.81 ) and assumption ( 11.41 ). we get 

W\mI(B) + llV^^fi)!!^) + 2 \\V(PijF jk G lr )\\ Ml(B) + m\\ M 2 (B) + Hcurl {\\ M 2 (B) < C(A)e m , A . (2.9) 

i,j,kj,r 

On the other hand, since P 1 takes values in SO(n), it follows from assumption ( 11.51 ) that 

C(A) _1 |Vk| < IP^'g Vm| = |g Vk| < C(A) |Vm|, a.e. in B. (2.10) 

Similarly to the approach by Riviere-Struwe (|39|, Section 3, Proof of Theorem 1.1, p. 459-460. See also 
Schikorra ED, p.510-51 1), we apply Hodge decomposition (see (25)) to P~ l Q Vm, use d2?7T >. (T2T91 , (l2~T0l ). 
Lemma 2.1, and take e,„,A > sufficiently small to get the Morrey type estimates for Vm. Finally, we apply 
an iteration argument as in ifTTl to obtain the Holder continuity of u in B. □ 

Proof of Theorem 1.5: Fix any 1 < p < Since div O = 0, by Hodge decomposition, there exists 
£ e W Up (B, M(«) <g> A 2 R m ) such that 

Q = curl£. (2.11) 

Let B 2 r(x q ) c B and let w e W l ' 2 (B R (x Q ), R") be solving 

- div Vw = 0, in B R (x ) 

w — u, on dB R (xo) 

Then v := u - w e W'^fi^Jto), R") solves 

div (Vv + Q.u) = 0, in fi*(x ) . . „ 

v = 0, ondB R (x ) *■ ; 

Let g = > m be the conjugate exponent of p. For any ip e W^' c '(B R (xo)) with IMIjpu^jfo)) < 1. 
Using assumption ( 11.161 ), Lemma 2.1, ( 12.1 It and d2.13l l, we estimate for each i, 



j Vv'-V(p = - \ (Q. ij u j )-V<p 

JB r (xq) Jb h (x ) 

= - I (curl £>' ■ Vtp) u j 
Jb, 



Br(x ) 

< C\\cur\£' J \\ L „ iB , l(xo)) \\V(p\\ mB]l(xo)) \VJu\\ m p {Bir{xo)) 

< C||n' ; || L i.( B ^ )) \\Vu\\ M P {BiR(Xa)) 

< C/?7- 1 ||^|U, (B) ||V«|| M ;; (B2fl( , o)) 

< CRT- l e nhp \\V U \\ K(B2ii(Xo)) . (2.14) 



Since v\dB g (xo) = 0, by duality (similarly to Riviere-Struwe [39]) there holds 

sup I 

<pEW^(B R (x )), |M| ff i,,<l JBslxo) 



Wv\\ mBs(xo)) < C sup f VvVp. (2.15) 

<i Jb r 



Combining ( 12.14b and ( 12.15b gives 

l|Vv|| LP(Bff(xo)) < CR~r~ l e mj> \\Vu\\ m p (Bir{Xo)) . (2.16) 

Next, we see from d2.12| i that w is harmonic in B R (xo) and hence Vw is also harmonic in B r (xq). By 
Campanato estimates for harmonic functions (see [ 17 |), we have that for any r < R the following holds: 

|Vw|" < C (~f f \Vw\". (2.17) 

BAx ) \ K ' Jb r (x ) 
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Using that fact that u — v + w and combining ( 12.161 ). ( 12.171 1. we estimate 
\Vu\ p < C \ |Vwf + C f |Vv| p 

B,(xa) Jb,.(xo) Jb,.(xo) 



JB,<(xo) Jb r (x ) 

~ C (jff Bt \^ P + CRm ^y ^u\f KM . (2.18) 

For the rest of the proof, we can apply the same arguments as in Schikorra ( ATI , p.510-51 1), similarly 
to Riviere-Struwe (|39|, Proof of Theorem 1.1, p. 459-460), to obtain the Morrey type estimates for Vzt. The 
Holder continuity of u in B follows immediately from an iteration argument as in ifTTl . □ 

Remark 2.1. By slightly modifying the proof, we will see that the regularity result in Theorem 1.5 still hold 
if the elliptic system j!.15t is replaced by the following: 

- div (Q Vm + Q u) = 0, in D'(B) (2.19) 

with Q e W 1 ' 2 n L°°(B, GL(n)) satisfying \Q\ + \Q~ l \ < A, a.e. in B, for some uniform constant A > 0. The 
proof relies on applying Hodge decomposition to Q Vm to get the Morrey type estimates for Vu as is done 
by Riviere-Struwe ( 1391 . See also Schikorra [41 J). 



3. Harmonic maps into Standard Stationary Lorentzian manifolds 



In this section, we shall first show that the Euler-Lagrangian equations for weakly harmonic maps into 
standard stationary Lorentzian manifolds are elliptic systems of the form (11.3b and then apply Theorem 1 .2 
to prove the e-regularity (Theorem 1.3) for such maps. 

Proof of Theorem 1.3: Let (t, u) e W l ' 2 (B, R x M) be a weakly harmonic map from B into (R x M, g), 
where the metric g is defined as in (O. For any s e W ( J' 2 n L°°{B, R) and for any v e W ( J' 2 n L°°(B, R"), we 
have that 

t £ — t + es and u e — H{u + ev) (3.1) 

are well defined for sufficiently small e > 0. Hence (f E , u e ) e W l ' 2 (B, R x M) gives an admissible variation 
for (f, u). By Definition 1.1, there holds 



d 

—E(t e , U e ) 

de 



= 0, V.? E W ( J' 2 n L°°(B, R), Vv e W ( J' 2 n L°°(B, R") (3.2) 

6=0 



A straightforward calculation gives 



j |-i(Vy6 ■ w)\Vt + ajjVuf -B(Vt + cjiVu') ■ (Vs + UjVw 1 + (Vu> k ■ w)Vu k ) + Vu ■ Vwj = 0, (3.3) 
ere w = dll(u)v, v e W l Q ' 2 n L°°(B, R"). 

To deduce the Euler-Lagrangian equations, we shall choose appropriate admissible variations in (13.31 >. 
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First, taking s e W^' 2 n L°°(B) and v = in JO . we obtain 



0= -P(u)(Vt + o)i(u)Vv l ) • Vs. 

Since s E VKq' 2 D L°°(,B) is arbitrarily chosen, we get the following conservation law 

- div { /3(h) (Vf + w,( M )Vm') } = 0. (3.4) 
Next, taking w = dR{u)v, v e W ( J' 2 n L°°(B, W) and s = in (O gives 

= J ' w )l Vf + w ' Vm 'I 2 + w,W) • (cj,W + (Vw t • w)Vu k ) + Vm • Vwj 

-i ■ vt^'j |Vf + w,Vm''| 2 -/3(Vr + (OiW) ■ {ojjVw' + Vm*^j ■ + Vm ■ Vwj 

-div (V«0 • W j + B(Vf + <j;Vw ! ) • lu k l^l - ^ | • w ; ' - -|Vf + w,Vm'| 2 -^ ■ w j \ (3.5) 

\3y* oy / 2 <3y J 

where in the last step we have used ( 13.4b and integration by part. Denote H :- (H l , ...H") with 

W :=B(Vt + c^ViiO • Va* - ^) - 1 ^ |V* + <*V«f . (3.6) 
Hy ' \dy k dyJ J 2<9y' 1 



Then ( 13.51 becomes 



= 



f (- div Vu + H)- <m(u)v, Vv e W ( J' 2 n L°°(B, R") 



Since v E Wq' 2 n L°°(fi, R") is arbitrarily chosen, we have (similarly to the calculations in ||20ll . Chapter 1.) 

- div Vm - A(m)(Vm, Vm) + <ffl(w)# = 0, (3.7) 

where A is the second fundamental form of M in R*. Let vi,l = d + \,d + 2, n be an orthonormal frame 
for the normal bundle T L M (and still denote by v/ the corresponding normal frame along the map m), then 
we can rewrite d3.7l i as follows: 

- div Vm = v,Vv, -Vu-H + {H, v/)v/, (3.8) 
where (•, ■) denotes the Euclidean metric on R". We have thus obtained the Euler-Lagrangian equations: 

- div { /3(h) (Vf + w,(m)Vm') } = 0, (3.9) 

- div Vm = v/ Vv, Wu-H+(H, v,)v,. (3.10) 

To proceed, we write the system of equations ( 13.91 ) and ( 13.101 ) in the form of ( 11.31 ). By Hodge decompo- 
sition, we conclude from the conservation law ( 13.41 ) that there exists rj £ W l,2 (B, A 2 R m ) such that 

B(u) (Vf + w,(m)Vm'') = curl 77. (3.11) 

Then, by (13.6b . we can rewrite the equation ( 13.101 ) as: 

- div Vu j = ® jk ■ Vi/ + a jk curl 77 • Vm* + bj curl 77 • B{u){Vt + w,Vm ! ), (3.12) 
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where 





= v/Vvf- 


vfVvf 




cijk 


IdUj 

w 








= 1 




8y> 1 ') 




2;S 2 (m) 





v,v 



Now we can write the Euler-Lagrangian equations ( 13.91 ) and ( 13.10b as the following elliptic system: 

Vf 



where 



divje- 

Q = 
= 

F = 



Vf 



+ F curl £ • Q 



Vf 
Vm 



Q°u, Q 



(® jk ) 

0- 

b\ flu- 



/„ 



to = (oji,(l>2, w„) 



•0 ^ 

■a\n 



(3.13) 
(3.14) 

(3.15) 
(3.16) 

(3.17) 
(3.18) 

(3.19) 
(3.20) 



Vfi 0. n \ • • • Q nn ) 

£ = diag (77,77, ...,77). 

Since M is compact, B e C 2 (M, (0, 00)) and u e C 2 (Q'(M)), there exists /i > depending only on the 
target (R x M, g) such that for any y e M there hold 

< AT 1 < jSCy), L8(y)| + |V/%)| + |V 2 Ay)l < -I < °o, |<u(y)| + |V<u(y)| + |V 2 w(y)| < A < 00, (3.21) 

Using the notations ( I3.13b -( I3.15I ). ( I3.17l )-( l3~20l ) and the above estimates ( I3.21l i. we can easily verify that 
© e L 2 (B,so(n + l)<g> a'R" 1 ), F e W 1 ' 2 n L m (B,M(fi+ 1)), f e W u (fi,M(n + 1) <g> A 2 R m ), g e W 1 - 2 n 
L°°(B, GL(n +1)) and the following estimates hold: 

IGI + |F| < CiOl), a.e. infi 

and 



II®IIm| W + IIVF|| M|(B) + lively < c 2 (A) ||V«iUa OT , 

where Ci(/1) > and C2(/l) > are constants also depending on /I. 
To estimate \Q \, we note that 

P- 1 



(3.22) 
(3.23) 







-co 

In 



Hence, by ( 13.211 ). there exists some constant C^(A) > such that 

\Q- 1 \ = \Q~ l °u\<C 3 (A), a.e.infi. 
On the other hand, it follows from ( 13. lit and ( 13.211 ) that 

|curl 77I < C 4 (A) (|Vf| + |Vw|) , a.e. in B. 
By ( 13.20b and the above inequality, we verify that 

llcurl auKB) < C 5 (A) (||Vf|| M 2 (B) + \\Vu\\ M 2 (B) ) . 



(3.24) 



(3.25) 
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Combining ( 13.22b and ( 13.241 ) gives 

\Q\ + \Q~ l \ + \F\<W) + WX a.e.infi. (3.26) 
Combining ( 13.23b and ( 13.25b gives 

llVfllj^cfl) + H Vm IIm 2 2 (B) + llcurl QUlm + \\®WmI(b) + WF\\mI(b) + WQWmKb) 

< (1 + C 2 (A) + C 5 (A)) (\\Vt\\ Ml(B) + Wu\\iq lm ) ■ (3-27) 

Take A : = C\{A) + C^(A) > 0, then A depends only on (R x M,g). Let e„,, A > be the small constant 
(depending on m and A) as in Theorem 1.2. Take 

€ '" : " 1 + C 2 (A) + C 5 (AY 

then e m > depends only on (R x M,g). Applying Theorem 1.2 to the elliptic system ( 13.161 ). we conclude 
from ( 13.261 ) and ( 13.271 ) that (t, u) is Holder continuous in B if ||Vf|| M 2 (B) + ||Vm|| M 2 (B) < e m . By standard elliptic 
regularity theory, (f, u) is as smooth as the regularity of the target (R x M, g) permits. □ 



4. Harmonic maps into pseudospheres S" (1 < v < n) 



In this section, we shall first prove Proposition 1.1 and Proposition 1.2. Then, with the help of these 
two propositions, we apply Theorem 1 .5 to prove the regularity results (Theorem 1 .6 and Theorem 1 .7) for 
weakly harmonic maps into pseudospheres S" (1 < v < «). 

Proof of Proposition 1.1: Fix i + j e {1,2, ...,n + 1}. Let e so(n + 1) be the matrix whose 
component is 1, (j, /)-component is -1 and all the other components are 0. Let £ be the matrix defined as 
in dl.171 ). Then one verifies that Ejj& e so{v, n + 1 — v) and e Eij£l € 0(v, n + 1 — v) (see e.g. Il34l ). For any 
<p e C£(B), define 

R, : = e '* E -> G E Cq(B, 0(v, n + 1 - v)). (4. 1) 

Using the property of an element in the group 0(v, n + 1 — v) (see (11. 19V ), we have 

(R,u,R,u) w ,+i = (R,u) T SR t u - u T RjSR t u = u T Su = 1, a.e. inB. (4.2) 
It follows that # f M € W'' 2 (B, SJ). Since « is weakly harmonic, by Definition 1.2, we calculate 



0-7 

dt 



E(R,u) = I (V(R u)) T S - 



t=0 JB dt t =0 



IB 

where we have used the fact that £ E,j £ e so(n + 1) and hence 

(Vw) r £ E u £ Vm = a.e. in B 



(V(R t u)) 

(Vu) T S (V(tpEij £ uj) 

I (Vw) r £ £y 8uWtp + (Vu) T 8 E u &Vutp 
Jb 

I (VM) r £ Ey &uV(fi 
Jb 

uEjj) j (u'Vui - u } Vi/)V<p, (4.3) 



IB 

(e, 
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Since <p e C^(B) is arbitrary and is either 1 or -1 (see (11.17b ). we conclude from ( 14.3b that the 
conservation laws ( 11.27b hold for i + j. 

The case of i - j is trivial. This completes the proof. □ 

Proof of Proposition 1.2: First, by definition of the space W 1,2 (B, B") (see ( 11.21b ). we have 

u } E jk u k = 1 a.e. in B. (4.4) 

Taking V on both sides of ( 14.41 ) gives 

Vu j s jk u k = a.e. in B. (4.5) 
Recall that (see (fL28b ) © = = (u'Vu-* - k^Vw'Y Combining (l44b and d43b . we calculate 

Vh* + ® ij s jk u k = Vm'' + (m'W - m-'Vm') e jk u k 

= Vm' (l - u j s jk u k } + m' (We^i/) 

= a.e. in B. (4.6) 

This proves ( 1 1.291 1. 

Since m € W 1,2 (B, R" +1 ), one verifies that Vm' + ®^Sj k u k e L'(Z?) for each z. Taking - div on both sides 
of d4.6l) gives 

- div (Vm + £ u) = 0, in £>'(£). 

Next, we assume that u is weakly harmonic and for any fixed 1 < p < there holds ||Vm|| m p (B) < oo. 
We shall derive the estimate (11.31b . 

Let q = > m be the conjugate exponent of p. Let Br(xo) c fii/2- For any <1> e L c1 (Br(xq), a'R'") with 
II^IIl9(b s (x )) ^ 1 an d f° r an Y < p < R, let t = r(p) e C^°(Bfi(xo), [0, 1]) be a cut-off function satisfying 

t = 1, on Bp(jco), 

then T<t> is supported in Bs(xo) and vanishes on 8Br(xq). By Hodge decomposition, there exist <? e 
Wo'^fl/jOto)),/? e Wo' 9 (S«(jc ), A 2 R ffl ) and a harmonic /i € C°°(B R (x ), A l R m ) such that 

t0) = Vff + curl j6 + h. (4.7) 

Moreover, we have 

\\*a\y (BR(Xo)) + WWkuBdxo)) * C\\T®\\ mBll(xo)) < C\m\ mBll(xo)) < C, (4.8) 

where C > is a constant independent of p and R. Recall that t e C^(Br(xq)), we get h \dB R (x ) - 
( T( $)\dB R (jc ) - 0- Since h is harmonic, it follows that h = in Br(xq). 

Since m is weakly harmonic, by Proposition 1.1, = (&'^ = (u'Vui - m-'Vm') is divergence free. Then, 
using ( 14.7b . ( 14.8b and the fact that h = in Br(xo), and applying Lemma 2.1, we estimate for fixed i, j e 
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{1,2 71+1}, 



f (t0'')-4> = f 0' 7 -(r<D) 

= I 0' 7 • (Va + curl 0) 

Jbr(xo) 



& J • curl p 

Br(x ) 



I (wW - uNvt) ■ curl p 

JB R (x ) 

\ l(Vu j ■ curl p) u' - hu' ■ curl p) u j 

JB.txa) 



'B r (x ) 

< C \\Vu\\ mBR (x )) ||curl/3|| LWvo)) \\Vu\\ m p (B2r(xo)) 

< C \\Vu\y^ Xo )) \\VP\\l<kb r (x )) I|Vm|| m ;; (B2s( . Co)) 

< C ||Vk|| L p (Bs(a . o)) \\Vu\\ M p {BlR{xa)) (4.9) 
By duality characterization of V functions, we have 

(4.10) 

It follows that 

l|0 ,7 lb( W < \\(T® j )\\ m B Ri x o)) < C \\Vu\\ mBR(Xo)) \\Vu\\ K(B2R(Xo)) . (4.1 1) 

Since p € (0, R) is arbitrary, let p f R, then we get 

II©'' / ||l/'(B, ( (x„)) < C \\Vu\\ mBR {xo)) H V "llM<'(fl 2fl (.v„))- (4-12) 

Furthermore, using the definition of the Money norm ||Vm|| m ij (B) and the fact that B2r{xo) c B, we estimate 

\\&\\li'(B r (x )) = ^ \\®' J \\Lr(B R (x J) < C HVmUlp^^)) Wu\\ m p (B2r(xo)) 
'J 

< C R^ 1 \\Vu\\ M P m \\Vu\\ U p, B) 



= CR^\\Wu\\ 2 



Since the ball B B (xo) c B 1/2 is arbitrary, it follows that 

\\®\W p ( By2) = sup (r» f \e\p\ <ciiv«h 2 mP 

B R (x )cB 1/2 \ JB R (x ) I pK 

Thus, we have completed the proof. □ 

Proof of Theorem 1.6: Note that £ is a constant matrix. Combining Proposition 1.1, Proposition 1.2, 
Theorem 1 .5 and using a rescaling of the domain gives that u is Holder continuous in B. Moreover, since 
div = 0, we can rewrite the equation in ( 11.301 1 as 

- div Vm = © £ • Vw. 

By standard elliptic regularity theory, u is smooth in B. □ 

Proof of Theorem 1.7: Fix some 1 < p < -fjfj = 2. By conformal invariance in dimension m = 2 and 
rescaling in the domain, we assume W.L.O.G that 

HV< 2(B) < e 2 , P , (4.13) 
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where €2,p is given in Theorem 1.6 with m = 2. By a straightforward calculation, it follows that 

||V«|| 2 M , ;(B) < ||V< 2(B) < 6 2 , p . (4.14) 
Applying Theorem 1.6 with m = 2 gives that u is Holder continuous (and hence smooth) in B. a 



5. Generalized (weakly) harmonic maps into S" (1 < v < n) 

In this section, we shall prove the e-regularity result (Theorem 1.8) for generalized (weakly) harmonic 
maps into S" (1 < v < n). Throughout this section, B will denote the unit disc in K 2 . 

Proof of Theorem 1.8: Slightly modifying some arguments in the proofs of Proposition 1 .2 and Theorem 
1.5 will be sufficient to prove this theorem. 

Fix any | < p < 2 and let u e W l, i(B, S") (1 < v < n) be a generalized (weakly) harmonic map 
satisfying 

H Vm II<(B) < e P 

with e p > being determined later. Then u e W lp {B) and hence © = := (m'Vm ; - u j Vu') e L P '(B), 
where p' = jE- g (l,p). By Definition 1.5, there holds 

div = 0, in D'(B). (5.2) 

Applying similar arguments as in the proof of Proposition 1 .2 (with m = 2) gives that 

Vm + 0£m = O a.e. in B (5.3) 

and 

Let B 2R (xo) c Bi /2 and let w e W l ' p ' (B R (x ), R" +I ) be solving 

- div Vw = 0, in B«(xo) 

w = u, on 8Br{xo) 

and define v := u - w e Wq' p '(Br(jc ),R' !+1 ). 



(5.5) 



< 1. 



Let q' - y-j be the conjugate exponent of p' . Then for any tp e W a ' q (B r (xq)) with IMIiyVfflsOto)) 
Using ( 15.3b and ( 15.5b . we get 

Vv'' • Vtp — J Vm'' ■ V^? — | Vw'' • V<p = - Ejj J ® ij u j ■ Vtp 

Br(x ) Jb r (x ) JB r (x ) Jb„(.x ) 

Then using ( 15.11 ), ( 15.21 ), d5.4| ). Lemma 2.1 and taking e p > sufficiently small, we can apply the same 
arguments as in the proof of Theorem 1.5 (with m - 2) and use a rescaling of the domain to conclude that 
u is Holder continuous and hence smooth (by standard elliptic regularity) in B. □ 

Furthermore, we observe that the e-regularity result in Theorem 1.8 still hold if the Morrey norm 
||Vm|| m p (B) is replaced with the Lorentz norm ||Vm|| L (2..») (B ) (which was used in Almeida [2|). To see this, 
we recall the following: 
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Lemma 5.1 (Almeida [2|, Lemma 9). Suppose D has finite measure. Let 1 < p < p\ < oo. Then, there is a 
constant C such that, for all q,q\ € [1,°°] and for any f € Z/ Pl *'(£)), 

\\f\\ LM < C (p(D))^T H/ll^, (5.6) 

Recall that L^ p ' p ' = LP . Consequently, we have 

Lemma 5.2. Let 1 < p < 2. Then, there is a constant C such that, for any f e L' 2 '°°^(B), 

H/II^ W < C ||/|bw (J1) (5.7) 

Proof. Take p - q,p\ — 2, q\ — oo in Lemma 5.1 and let D run over all discs Br(xq) c B. a 

Combining Theorem 1.8 and Lemma 5.2 gives the following e-regularity result (using the Lorentz norm). 

. 4 

Theorem 5.1. There exists e > such that any generalized (weakly) harmonic map u e W '^(B,S") 
(1 < v < n) satisfying 

\\Vu\\ L ^ m < e (5.8) 

is smooth in B. 



6. Regularity for an elliptic system with a potential in so(l, 1) 

Throughout this section, B will denote the unit disc in R 2 . We consider the elliptic system (11. It with 
a potential Q. € L 2 (B, so(l, 1) <g> a'R 2 ). By Hodge decomposition, there exist fii e W l ' 2 (B, so(l, 1)) and 
Q.2 e W l 2 (B, so(l, 1)® A 2 R 2 ) such that 

Q. = VOl + curl C2 2 > (6.1) 

Theorem 6.1. Let u e W l,2 (B,M?) be a weak solution of the elliptic system ( 11. Il l with a potential £2 e 
L 2 (B, so(l, 1)® a'R 2 ). Decompose Q as in (16. Il l, -/fi^i e L°°(B, so(l, 1)), f/ien m is Holder continuous in B. 

Proof. Since Qi takes values in so(l, 1), we can write (see O'Neill's book |34|) 

Qi = [ ° * I, for some s e W h2 (B). (6.2) 



x S , 

Consequently, we have VQiQi = fliVOi and hence V(e n ') = e n ' VQj. Then we calculate 

- div(e n 'V M ) = -e^VQ, • Vm + e n 'Q • Vk = e n 'curl fi 2 • Vk. (6.3) 

Using d6.2t , we get 

g nj _ /gQ^r _ [ cosh s sinh s \ e _ ni _ n . _ / cosh s -sinh s 
I smn s cosh s j ' y -sinh s cosh s 

Since Oi € L°°(B), there exists a constant A 6 (0, oo), such that \s\ < A, a.e. in B. Therefore, we have 

\e n] \ + \(e n ')- 1 \<C(A), a.e. in B 

for some constant C( A) > depending on A. 

On the other hand, one verifies that e" 1 e W I 2 nL°°(B,M(2)). Recall that Q 2 6 W l ' 2 (B, so(l, 1)® A 2 R 2 ). 
Applying Theorem 1.2 (with m = 2 and A = C(A)) to the elliptic system ( 16.3b . using the conformal 
invariance in dimension m = 2 and rescaling in the domain, we get the Holder continuity of u in B. □ 



18 MIAOMIAO ZHU 

Theorem 6.1 is optimal. To see this, we set 

2 2 2 

s(x) = log log — , ui(x) = log log — , u 2 (x) = log log — , xeB. 
\x\ \x\ \x\ 

Then the map u - {u\,ui) T e W l ' 2 (B, R 2 ) is a weak solution to the elliptic system ( II. lb with a potential £2 
satisfying 

Q = | ^ ^ | e L 2 (fi, l)® a'R 2 ) and s is not in L°°(B). 
However, m is not in L°°(B). 
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